Factorizations of regular graphs  by Zhang, Cun-Quan & Zhu, Yong-Jin
JOURNAL OF COMBINATORIAL THEORY, Series B 56, 74-89 (1992) 
Factorizations of Regular Graphs 
CUN-QUAN ZHANG 
Department of Mathematics, West Virginia University, 
Morgantown, West Virginia 26506 
AND 
YONG-JIN ZHU 
Institute of System Science, Academia Sinica, 
Beijing 100080, China 
Communicated by the Editors 
Received July 27, 1987 
Let G be a k-regular graph of order 2n such that k > n. Hilton (J. Graph Theory, 
9 (1985), 193-196) proved that G contains at least Lk/3 J edge-disjoint l-factors. 
Hilton’s theorem is improved in this paper that G contains at least Lk/2 J edge- 
disjoint l-factors. The following result is also proved in this paper: Let G be a 
2-connected, k-regular, non-bipartite graph of order at most 3k - 3 and x, y  be a 
pair of distinct vertices. If  G\ { x, y  > is connected, then G contains an (x, y)-Hamilton 
path. 0 1992 Academic Press, Inc. 
We use the notations of [BM]. Let G = (V, E) be a graph with vertex set 
V and edge set E. A p-factor of a graph G is a p-regular spanning subgraph. 
Let G be a k-regular graph of order 2n and {pr, . . . . p,} a set of positive 
integers such that p1 + . . . +p, = k. If H, , . . . . H, are edge-disjoint regular 
spanning subgraphs of G with degree pl, . . . . pr, respectively, then 
w  1, ‘*a, H,} is called a (PI, . . . . p,)-factorization of G. 
The following theorem was proved by Hilton: 
THEOREM A ( [H] or See [Z] ). Let G be a k-regular graph of order 2n. 
(i) If k an, then G contains at least Ln/3_1 edge-disjoint l-factors. (ii) Let 
PI , . . . . pS be odd positive intigers and pS + 1, . . . . pr be even positive integers 
such that pl+ See +p,=k>,n and s<Ln/3_I; then G is (pl,...,pr)- 
factorizable. 
In this paper, we prove the following theorem which improves the 
theorem of Hilton. 
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THEOREM B (The Main Theorem). Every k-regular graph of order 2n 
contains at least Lk/2J edge-disjoint l-factors tfk>,n. 
Let D be a subgraph of G and u a vertex of G. The set of vertices in D 
adjacent to u is denoted by N,(u). Let P = v1 . . . v, be a path of G. We 
denote 
NP+l(U)= {Vi+1 E V(P): ViENp(U)} 
N,‘(U)= (Vi-1 E V(P): ViENp(U)}a 
Let H be a subgraph of G and X, Y a pair of disjoint vertex subsets of G. 
The set of edges of H joining X and Y is denoted by EN(X, Y) and the 
number of edges in the set EH(X, Y) is denoted by e,(X, Y). A graph G is 
called Hamiltonian connected if G contains an (x, y)-Hamilton path for 
every pair of vertices x and y of G. 
The following results are basic lemmas in the proof of the main theorem. 
LEMMA 1 (Tutte CT]). rf G is a graph containing no l-factor, then G 
must have a vertex subset S such that the number of odd components of G\S 
is greater than the cardinality of S. 
LEMMA 2 (Wallis [W], or see [Pi]). Let G be a d-regular graph of even 
order which contains no l-factor. Let S be a vertex subset of order s such 
that the number r of odd components of G\S is greater than s, and r + the 
number of odd components of order at least d+ 1 of G\S. Then 
1. r=s mod 2; 
2. rbs+2; 
3. r+ 23 when s>l; 
4. IV(G)1 bs+r+dr+. 
LEMMA 3 (Dirac CD]). If G is a graph of order at most 28 and 6 is the 
minimum degree of G, then G contains a Hamilton cycle. 
LEMMA 4 (Lovasz [LL 10.241). If G is a graph of order at most 26 - 1 
and 6 is the minimum degree of G, then G is Hamiltonian connected. 
LEMMA 5 (Jung [J] ). Every 3-connected, k-regular, non-bipartite graph 
of order at most 3k - 1 is Hamiltonian connected. 
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LEMMA 6 Let G be a 2-connected graph with a 2-vertex-cut and mini- 
mum degree 6. Let x, y be a pair of distinct vertices such that G\(x, y > is 
connected. If G is of order at most 36 - 3, then G contains an (x, y)- 
Hamilton path. 
ProoJ Let (u, v} be a 2-vertex-cut of G. Since the minimum degree of 
G is 6 and G contains at most 36 - 3 vertices, G\ (u, v} has only two com- 
ponents. For each 2-cut {u, v} of G, let Ci, and Ct, be the compontents of 
G\(u, v}, and Hi, the subgraph of G induced by Cl, u {u, v) (for i = 1,2). 
Since each component of G\ (u, v } contains at least 6 - 1 vertices and 
1 V(G)1 6 36 - 3, we have that 6 2 3. If 6 = 3, then G is a graph H or H + uv 
(see Fig. 1). It is easy to see that the lemma is true in this case. Thus we 
assume that 
and therefore each component of G\{ , } u v contains at least 3 vertices. It is 
also evident that the lemma is true if both subgraphs HfiU and Hi, are 
complete for some 2-cut (u, v} of G. Let G be a 2-connected graph and 
(x, y) a pair of vertices of G such that the following hold: 
(1) the minimum degree of G is 6 and 1 V( G)I < 36 - 3, 
(2) G has a 2-cut, 
(3) G\ { x, y } is connected, 
(4) subject to (l), (2), and (3), G has no (x, y)-Hamilton path, 
(5) subject to (l), (2), (3), and (4), /E(G)1 is as large as possible. 
I. For each 2-cut (u, v} of G, we claim that C, = Ct, and C2 = C& are 
cliques. Assume that there are a pair of non-adjacent vertices w’ and w” in 
Ci. By the choice of the graph G, the graph G + w’w” contains an (x, y)- 
Hamilton path P, where the edge w’w” must an edge somewhere in P. 
Let Hi = HI,, (i = 1, 2). It is easy to see that 
6 + 1~ I I’( Hi)1 < 26 - 2 
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Since G does not contain an (x, y)-Hamilton path, 
Ne+‘(w’) n N&w”) = (25 (see Fig. 2) 
and 
d&w’) + d&q \< 1 V(Q)1 + 1 
for any segment Q of p\(w’,w” >. Since w’ and w” belong to the same com- 
ponent C&p= 1 or 2), N(w’) and N(w”) 5 V((H,). For any (i, j> = (1,2), 
P\[ { w’, w”) u V(Ci)] consists of at most three segments in Hi. Thus 
djy,,(w’)+d&v”)< IV(H,)\(w’, w”>I +3<226-- 1. 
This contradicts the fact that dH,(w’) + dHp(w”) 2 26. 
II. By I, Ct, and Ci, are cliques for each 2-cut (u, U} of G. We consider 
the following two representative cases. 
Case 1. (x, y > E Hi, for some 2-cut (u, u > of G. 
It is evident that Hz, contains a (u, u)-Hamilton path PO since C$ is a 
clique and G is 2-connected. Since G is 2-connected again, there are a pair 
of disjoint paths P, and P2 joining {x, y > and (u, u) in G. Obviously both 
P, and P2 are contained in Hi,. Choose P1 and P2 such that 
I Wl)l + I u~*)l is as large as possible. If V(Hi,)\(P, u P2) = 0, then 
P, u P, u P, is an (x, y)-Hamilton path of G. This contradicts the assump- 
tion. Thus, we assume that V( Hi,)\(P, u P2) # 0. Since Ci, is a clique, 
IV(P,)n V(Ci,)I d 1 and ) V(P,)n V(CA,)( < 1. This implies that (x,~} is 
a 2-cut of G, a contradiction. 
X 
or 
“i “i+l w’ w” Y 
x wal y 
FIGURE 2 
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Since x and y cannot be in the same subgraph HI, = G( Cl,, u (u, v}) for 
each i = 1,2 and each 2-cut (u, u}, we have that 
(i) neither x nor y belongs to any 2-cut of G, 
(ii) x and y belong to different components of G\{u, V} for any 2-cut 
‘$4 v}. 
Hence, the following case is the only remaing case. 
Case 2 z~EC~, and z,EC~” for {z1,z2)= (x,~}. 
By (i), G\(z,} is 2- connected and there are two distinct vertices (a,,, aiu) 
in Cl,\ (zi} such that air,, E V( CL,) n N(w) for each w  E (u, v> and each 
i = 1,2. Since each Cl, (i = 1,2) is a clique, for each w  E {u, v > and each 
Cl, (i= 1, 2), there is a (.zi, w)-Hamilton path Qi,, = zi . . . ai,,,w in the 
subgraph of G induced by Cfi” u (w}. Furthermore, uv is not an edge of G 
for otherwise Q f, u Qi u ( UV} is an (x, y)-Hamilton path of G. 
If b2u9 azo > is a 2-cut of G, then (u, v} belong to a component of 
G\ {a,,, azv} which, by I, it is clique. This contradicts that uv is not an edge 
of G. Thus, G\{a2,, a2” > is connected. Since 1 I’( Cs,)I > 3, there is a vertex 
b in C~o\{a2u, a2”} adjacent to either u or v. Without loss of generality, let 
b E iV( u). Since Ci, is a clique, let Qi = z2 . . . bu and Q2 = va2, . . . a2Uu be 
two paths in Hi, such .that V(Q,)n V(Q2) = (u> and V(Qi)u V(Q2)= 
V(Hi,). Then Q, u Q2 u QA is a (z,, z,)-Hamilton path in G. This contra- 
dicts the assumption and completes the proof. 0 
By applying Lemma 5 and Lemma 6, we have the following theorem 
which was originally proved in [ZZ]. 
THEOREM C (Zhang and Zhu [ZZ] ). Let G be a 2-connected, k-regular, 
non-bipartite graph of order at most 3k - 3 and x, y be a pair of distinct 
vertices. If G\{ x, y } is connected, then G contains an (x, y )-Hamilton path. 
LEMMA 7. Let G be a graph of order at most 26 - 4 and S be the 
minimum degree of G. 
(i) If u, v, w, x are four distinct vertices of G, then there are two 
disjoint paths P, and P, joining u and v, w and x, respectively, in G and the 
union of P, and P, spans G. 
(ii) If u, v, w are three distinct vertices of G, then there is a Hamilton 
path in G\( w > joining u and v. 
Proof (i) If uv E E(G), then let G’ = G\ { U, v}. If uv 4 E(G), then there is 
a vertex z E [N(u) n N(v)]\ (w, x} because 
IWu)\(w x>I + IW)\I w,x}l~26-4>)I/(G)\(u,v,w,x)l. 
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Let G” = G\{ U, u, z >. By Lemma 4, both G’ and G” are Hamiltonian 
connected and there exists a Hamilton path P2 joining w  and x in G’ or G”. 
The path P, joining u and v is uv if uv E E(G) or uzv if uv q! E(G). 
(ii) By Lemma ,4, it is easy to see that G* = G\{ w) is Hamiltonian 
connected. 1 
LEMMA 8. Let G be a 2-connected d-regular grah of order at most 3d- 4 
and V’ a vertex subset of G of order 3. If G is not a bipartite graph, then 
there is a Hamilton path of G joining two vertices of V’. 
Proof. By Theorem C, it is sufficient to show that there must be two 
vertices x and y of V’ such that G\ (x, y } is connected. 
Let V’= {v,, v2, v,). Assume that G\(vi, vj) is disconnected for any pair 
of i, j E { 1, 2, 3 >. Let C, , C, be two disconnected parts of G\ (vl, v2 > and 
III, D, be two disconnected parts of G\ (v 1, v~}. Without loss of generality, 
let vj E C2 and v2 E D,. Then G\ V’ has three disconnected parts C, , D,, 
and C2 n D, . Obviously, 
WK CC,” {b h>l\b> for u E V( C,), 
W) G CD,” ‘h9 4l\b) for u E V(D,), 
and 
Nu)~ Cw,nDd” {VI, v2,41\{4 for UE V(C, n DJ. 
Then (V(CJ 2 d- 1, 1 V(D,)( 2 d- 1 and (V(C, n Dl)l ad- 2. That is, 
IW)l= IWJ + IWJ + WGn4)I + Ih u2, d Hd-1. 
This contradicts that 1 V(G)/ d 3d - 4. 1 
LEMMA 9 (Peterson [P] ). Every 2k-regular graph contains k edge- 
disjoint 2-factors. 
The Proof of The Main Theorem. Let (F,, . . . . F,} be a maximum set of 
disjoint l-factors in G. Let h = k - t and H = G\E(F, u . =. u F,) which is 
an h-regular graph. The proof of this theorem is by contradiction. Suppose 
that t < Lk/2 J. Thus H is of order at most 4h - 4. 
An euen 2-factor is a 2-factor such that each component of it is a cycle 
of even length. Obviously, any even 2-factor is a union of two disjoint 
l-factors. We claim that the following statement (*) holds for any 
I;;( E (6, . . . . F, > : 
H u Fp contains no even 2-factor. (“) 
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Assume that HuI;; contains an even 2-factor which is the union of two 
disjoint l-factors F’ and F”. We can replace Fp of (F,, . . . . FI) by F’, F” 
and obtain a bigger set of disjoint l-factors in G. This contradicts the 
choice of {F, , . . . . F,}. 
By Lemma 1, let S be a smallest vertex subset of order s such that the 
number of odd components if H\S is greater than s. Let C,, . . . . C, be the 
odd components of H\S. Here Y > s. If C is a component of H\S and u is 
a vertex of C, then N(v) s [ V(C) u S]\(u). By the h-regularity of H, 
1 V(C) u SI > h + 1 and hence 
Iv(C)V>h-s+ 1 
for any component C of H\S. By Lemma 2, we must have that 
4h-42 I?‘(H)/ >s+ b V(Ci) >s+(h+ l-s)r 
I I i=l 
> s + (h + 1 - s)(s + 2). 
That is (s - 2)(s - h + 2) 2 2. Therefore either s < 1 or s b h - 1. 
If sbh- 1, then 
IV(H)1 bs+r+hr+ 
(by (4) of Lemma 2) 
a(h-l)+(s+2)+3h 
(by (2) and (3) of Lemma 2) 
b (h - 1) + ((h - 1) + 2) + 3h 
= 5h. 
This contradicts that I V(H)( < 4h - 4. So S must be either a single vertex 
or an empty set. 
Case One. s = 1. Let S = { w  }. If H is disconnected, then each compo- 
nent of H is of even order because of the choice of S. So H\S has at least 
four components. Since each component of H\S is of order at least h, H 
contains at least 4h + 1 vertices and this contradicts that lV( H)I < 4h - 4. 
Therefore, H must be connected in this case. Moreover, H( C u S) is not a 
clique for any component C of H\S and hence I V( C)la h + 1. Thus H\S 
has exactly three components, Ci , C2, and C3, each of which is of odd 
order and for any i = 1,2, 3, 
I v(Ci)l G I V(H)1 - ISI - I ‘(Cj)l- I ‘(C,)l 
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(where j, j’ # i) 
<IV(H)I-l-2(/2+1) 
< IV(H)1 -2h-3. 
Since I V(H)l/2 <2h - 2, we have that 
(1) 
for any i = 1, 2, 3. 
Since /Cl1 is odd, eFg(C,, I’\ V(C,)) is odd for each FP E {F,, . . . . F,}. 
We claim that there is FP E (F, , . . . . &} such that eF,( C1, V\ V(C)) 2 3. 
If not, then e&,, V\V(C,))= 1 for any F,E {F,, . . . . F,) and 
C, e,,( C1, V\(C,)) = t < h + 1 < I V(C,)l. So there must be a vertex u of C, 
such that the neighbor of u in each FP is contained in C1, that is all vertices 
adjacent to u in G are contained in V(C,) u {w}. But this implies that 
This contradicts that I V(C,)l 6 I V(H)//2 - 5 and therefore, our claim 
holds. Without loss of generality, let e,,(C,, V\ V(C,)) > 3. 
Assume that eFI( C1, Cj) # 0 for each j = 2, 3. Let x21 E N(w) n V( C,), 
x3l EN(w) n v(c2)9 and x11x22, x12x32 be edges of F, where xij E V(Ci) for 
i = 1,2. By Lemmas 3 and 4, for i = 1,2, 3, let Pi and Qi be a pair of dis- 
joint path and cycle in H(Ci) such that either Pi is an (Xi,, xi,)-Hamilton 
path of H(Ci) and Qi is empty if Xi1 # Xi2, or Pi is a single vertex xii and 
Qi is a Hamilton cycle in H(Ci)\{Xi,} if Xii = xi2. Thus we obtain an even 
2-factor 
(PI u p2 u p3 u @x21 7 “=319 x22 XII 3 x12 x32 >, Q29 Q3 > 
in H u F, which contradicts the statement (*), So either e,,(C,, C,) = 0 or 
e,,(C,, C,) = 0. See Fig. 3. 
Let e,,(C,, C2)=0. Then e,,(C,, C3)a2. If e,,(C,, C3)#0, then the 
proof is the same as the case of e,,(Ci, C,) # 0 and e,,(C,, C,) # 0 by 
exchanging C1 and C3. So we assume that e,,(C3, C,) = 0. Let WY,, be and 
edge of H joining w  and C2. Since C2 is of odd order, eF,( C2, V\ V( C,)) # 0 
and hence e,,( C2, w) # 0. Let WY,, be an edge of F, joining w  and C2, and 
y,, y,, and y,, ~32 pair of distinct edges of F, joining C, and C3 (where 
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FIGURE 3 
yij E V( Ci) for j = 1,2). By Lemma 4, let Ri be a (yil, y,,)-Hamilton path in 
H( Ci) for i = 1,2,3. Then we obtain an even 2-factor 
in H u F, and this contradicts the statement (*). See Fig. 4. 
Case Two. s = 0. Since each component is of order at least h + 1 and 
1 V(H)1 < 4h - 4, H has at most three components. By Lemma 2, two 
components must be of odd order. Thus 
h+l<IV(C)l<3h-5 (2) 
for any component C of H. The degree h of H must be an even integer 
because H has some odd components. 
If C is an odd component of order at most 1 V( H)1/2 of H, we claim 
that there is F/( E (F,, . . . . F,} such that e,,(C, V\V(C)) b 3. We have 
that e,,(C, v\W)) is odd since I V(C)1 is odd. Suppose that 
e,(C, V\V( C)) = 1 for every FP E {F,, . . . . F,}. Then 
IV(C)1 ah+ 1 >t=&QC, v\W)) 
FIGURE 4 
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and there is a vertex 2) of C such that the neighbor of u in each FP is 
contained in C. Hence, all vertices adjacent to v in G are contained in C 
and 
which contradicts the assumption that 1 V(C)1 < 1 V(H)1/2. 
Subcase 1. H has two components and both components are blocks. 
Let C1 and C2 be two odd components of H. Without loss of generality, 
let 1 V(C,)l 6 (V(H)l/2 and F1 a l-factor such that e,,(C,, V\V(C,))= 
e,,(C) C,) t 3 and U,U, E EF,(C1, C,) for p = 1, 2, 3. Note that 
and 
I W)I h+ l< lV(C,)l<7<2h-2 
y< lV(C,)l<3h--5. 
Since H(C,) is regular and of odd order, H(C,) cannot be a bipartite 
graph. By Lemma 8, there is a Hamilton path P, joining two vertices of 
(II,, u2, vj > in H( C,) and without loss of generality, let P, join u1 and v2. 
By Lemma 4, let PI be a (ul, u,)-Hamilton path in H(C,). Then Hu F1 
contains a Hamilton cycle P, u P2 u ( u1 ul, u2 u,} which is an even 2-factor 
and contradicts the statement (*). 
Subcase 2. H has two components and one component is not a block. 
Let Cr and C2 be two components of H. Without loss of generality, let 
C2 be a non-block component and w  a cut vertex of C2. C,\ { w  } can have 
only two components because I V(C,)l < 3h - 5. Let D, and D, be the two 
components of C,\ ( w  >. Since H is h-regular and H(D i u w) is not a clique 
for i= 1,2, I V(C,)l, I V(D,)(, and I V(D,)l 2 h + 1. Hence, for any 
(A, A’, A”> = (Cl, Dl, D2}, 
IAl G I VW)1 - I +}I - IA’1 - IA”1 
,<IV(H)I-l-2h-2 
(since I V(H)l/2 < 2h - 2) 
I VW) I 
<lV(H)I-5-F 
IVw)I 5 =-- 
2 
d 2h - 7. 
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Since the degree h of H is an even number and the number of odd degree 
vertices in the subgraph H(Diu w) is even, e,(Di, w) is even for i= 1,2. 
Let xii, xi2 be two vertices of Di adjacent to w  in H for i = 1,2. Since 
1 V(C,)l < 1 V(H)1/2, let F, be a l-factor such that e,,(C,, V\V(C,)) 2 3. 
If e,,(C,, D1) # 0 for both i = 1 and 2, then let ylz, and y2z2 be two 
edges of F, joining C1 and D, and D, where yl, y, E C, and ziE D, for 
i= 1,2. Without loss of generality, assume that x,, # zi for i = 1, 2. By 
Lemma 4, let Pi be an (xi,, z,)-Hamilton path in H(Di) for i = 1, 2 and PO 
be a (vl, y,)-Hamilton path in H(C,). Then H u F, contains a Hamilton 
cycle PO u PI u P, u (xl1 w, x21 w, y,z,, yZz2}. This contradicts that H u F, 
contains no even 2-factor. See Fig. 5. 
So we assume that eq(C,, Dl) 22 and e,,(C,,D,)=O. Let 
E,(C,, DJ= {up, ?I,): /u= 1, 2, . . . . ..}. 
6) If I W2)l is odd, then by Lemma 4, let Q, be a (u, , u,)- 
Hamilton path in H(C,), Q, a (vl, u,)-Hamilton path in H(l),), and Q2 an 
(X 217 x2,)-Hamilton path in H(l),). Thus 
@OU&U (WI, u,v,>, Q+J (w45x22w}) 
is an even 2-factor in Hu I;, and this contradicts the statement (*). See 
Fig. 6. 
(4 If I W2)l is even and e,,(C,, w)#O then let u,w~F,. 
Without loss of generality, assume that u1 # xll. By Lemma 4, let R0 
and R, be (uO, u,)- and (ul, x,&Hamilton paths in H(C,) and H(D,), 
respectively; and let R2 be a Hamilton cycle in H(L),). Then {R, u R, u 
1 uow, wxll, ulvl}, R2} is an even 2-factor in Hu F, and this contradicts 
( * ) again. See Fig. 7. 
FIGURE 5 
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(iii) If 1 V(D,)l is even and e,,(C,, w)=O, then e,,(C1, D1)= 
eF,G V\VW)>3. When {Q, u2, uj) n {-ql, ~1~) z@, let u1 =-ql 
be a vertex in this intersection and V,E (u,, v2, u~)\{x~~, ~~~1. By (ii) 
of Lemma 7, let S’= u1 and let S” be a (u2, x1,)-Hamilton path in 
H(D,)\{u,}. When {ul, u2, uj} n (xll, xi2} = a, by (i) of Lemma 7, let S’ 
and S” be a pair of disjoint paths joining u1 and xll, u2 and x12, respec- 
tively, in H(D, ). By Lemma 3 and Lemma 4, let So be a (u, u,)-Hamilton 
path in H(C, ) and S2 be a Hamilton cycle in H(D,). Then H u F, contains 
an even 2-factor {&,uS’uS”u (uIul, u2u2, wxll, M”x~~), S,> and this 
contradicts (*). See Fig. 8. 
Subcase 3. H has three components, Cl, C2, and C,. 
Let C1 and C2 be the odd components and C, the even component 
of H. Obviously, 
d I Wf)I - WJI - I v(C,4 for j,j’#l 
< I v(H)1 - 2(h + 1) 
<IV(H)/ --y-4 
IVW)I 4 =-- 
2 
<2h-6 
for any i = 1, 2, 3. We claim that there is an FP E (F, , . . . . F,) such that 
e&Y1, V\V(C,)) > 3 and eF,(C2, V\V(C,)) 2 3. If not, we have that either 
eFp(C1, V\V(C,))= 1 or eFP(C2, V\V(C,))= 1 for any F@E {F1, . . . . Ft> 
because C1 and C2 are odd components and eFP(Ci, V\V(C,)) is odd for 
i=l,2. Let 
4=b:eFpG, V\V(C,))=l) 
I2 = (P: eFpW2, V\W2N = 1). 
Here ( 1, . . . . t}=I,uI,and t<II,I+II,I.Thegraph Hi=Hu(U,,,Fp)is 
(h + lZil )-regular for i = 1, 2. Since eFP(C,, V\V(C,)) = 1 for any p E II and 
IWJ ah+ 1 >t2 141 = c eFp(Cl, V\V(C,)), 
P E I, 
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there must exist a vertex u of C1 such that eFP(u, V\ V(C,)) = 0 for each 
p E I,. Hence all vertices adjacent to u in HI are contained in C1 and 
1 V(C,)( 2 h + lZ1l + 1. Similarly I V(C,)l 2 h + lZzl + 1. But 
I Wsl = I W)I - I WJ - I Wd 
<2k-(h+IZ,I+l)-(h+lZ,l+l) 





(as k < 2h). This contradicts that I V(C,)l 2 h + 1 and our claim holds. 
Without loss of generality, let F, be a l-factor such that 
eFI( C,, V\ V( C,)) 2 3 and eF1( Cz, V\ V( C,)) > 3. If eFI( Cr , C,) z 2, then let 
edges x11~21, x12~22 E EF,(C1, C,). By Lemmas 3 and 4, let Pi be an 
(Xi,, x,)-Hamilton path in Ci for i = 1, 2, and let P3 be a Hamilton cycle 
in C3. Thus {P, u P, u {qlxzl, xl2 x22 >, P3 } is an even 2-factor in H u F, 
and this contradicts the statement (*). See Fig. 9. 
So we have that e,,(C,, C,) < 1 and hence e,,(C,, C,) > 2 and 
e&29 c3)a2- Let edges ~11x31~ Z12x32~E&I, c2) and z21y31, z22y32E 
E,(C,, C3). By Lemma 4, et Qi be a (zil, z,)-Hamilton path in Cj for 
i= 1, 2. By (i) of Lemma 7 let Q3, & be a pair of disjoint (x3,, Yap)- and 
(x327 y32)-paths of c3 - Thus the Hamilton cycle Q, u Q2 u Q, u Q4u 
1 z11x319 z12x32, z,,y,,, ~22~32) is an even 2-factor in Hu F1. This 
contradicts the statement (*) and concludes our main theorem. See 
Fig. 10. 1 
By applying Lemma 3, the main theorem can be slightly improved. 
COROLLARY 1. Let G be a k-regular graph of order 2n and n <k. Then 




By applying Lemma 9, we have the following corollary: 
COROLLARY 2. Let G be a k-regular graph of order 2n and n <k. Let 
Pl , **-, pS be odd positive integers and pS + 1, . . . . pr be even positive integers 
such that p1 + ..a +pr=k. If 
then G is (pl, . . . . p,)-factorizable 
Note Added in ProoJ Theorem B was recently improved by H. Li for 
large degree k (see [LH] ). 
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